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String C-group representations of almost simple groups: a
survey
Dimitri Leemans
Abstract. This survey paper aims at giving the state of the art in the study
of string C-group representations of almost simple groups. It also suggest a
series of problems and conjectures to the interested reader.
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1. Introduction
Polytopes, and in particular regular polytopes, have been studied by mathe-
maticians for millenia. The recent monograph of McMullen and Schulte [44] came
as the first comprehensive up-to-date book on abstract regular polytopes after more
than twenty years of rapid development and it describes a rich new theory that ben-
efits from an interplay between several areas of mathematics including geometry,
algebra, combinatorics, group theory and topology. In recent years, abstract reg-
ular polytopes whose automorphism groups are (almost) simple groups have been
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studied extensively. This survey paper aims to give the state of the art on the
subject, and to give paths for further research in that field.
The project surveyed in this paper started in 2003 when Michael Hartley con-
tacted us about an abstract regular polytope he had found, of type {5, 3, 5}, whose
automorphism group is the first Janko group J1, one of the 26 sporadic simple
groups. It turned out we knew the existence of that polytope since 1999 when we
published an atlas of regular thin geometries for small groups [35]. Unfortunately
(or in fact fortunately), that polytope was not mentioned in this atlas as, at the
time, we had computed all thin regular residually connected incidence geometries
whose automorphism group is J1 but there were too many of them (almost 3000)
to list them in the paper. That polytope was the start of a very fruitful collabo-
ration with Hartley and changed our research life as we then decided to focus on
polytopes.
Hartley was in fact willing to determine whether the universal locally projective
polytope of type {5, 3, 5}was finite or infinite. That was the missing piece to finalise
the classification of universal locally projective polytopes. We eventually found out
that it is finite and its automorphism group is isomorphic to J1 × PSL(2, 19), a
very surprising result [31]. Indeed, Gru¨nbaum found in 1977 a rank four polytope
which he called the 11-cell [28]. The automorphism group of the 11-cell is the
group PSL(2, 11) and Gru¨nbaum obtained it by taking the Coxeter group of type
[3, 5, 3] and adding two relations, to quotient the facets and vertex-figures and
make them hemi-icosahedra and hemi-dodecahedra respectively. In the same spirit,
Coxeter found the 57-cell [19] by adding two relations to the Coxeter group of
type [5, 3, 5] to make the facets and vertex-figures hemi-dodecahedra and hemi-
icosahedra respectively. It turns out that in the case of the 11-cell, adding only one
of the two relations implies the other relation, but in the case of the 57-cell, it is
not the case: adding only one relation gives the group J1×PSL(2, 19) as we found
out with Hartley.
We then met in Brussels for a couple of weeks of intense work and decided
at the time it would be great to build atlases of polytopes. Hartley focused on
polytopes with a fixed number of flags [29] while we focused on polytopes whose
automorphism groups are almost simple groups with Laurence Vauthier [41]. We
started collecting a sensible amount of computer-generated data on the subject and
used them to state conjectures.
The aim of this paper is to give a survey of what has been done on that subject
over the last fifteen years, to also give some results that were obtained on C-groups,
to state some conjectures and give open problems.
The three big questions we have tried to answer for families of groups over the
years are the following ones. Given a group G (eventually belonging to a family of
groups as, for instance finite simple groups, or alternating groups),
(1) determine the possible ranks of string C-group representations for G;
(2) in particular, determine the highest rank of a string C-group representa-
tion of G;
(3) enumerate all string C-group representations for G;
These questions make sense in trying to find nice geometric structures on which
these groups act as automorphism groups, but they also tell us something about
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quotients of Coxeter groups – a string C-group representation being a smooth quo-
tient of a Coxeter group – as well as independent generating sets of the groups
G.
One can consider these same three questions for chiral polytopes. In particular,
obtaining enumeration data for both types of polytopes would shed light on their
relative abundance. However, we constrain this survey to questions about regular
polytopes. Observe that the enumeration question is usually very hard to answer
for families of groups and that, apart for shedding light on the relative abundance
of regular polytopes versus chiral polytopes, its interest might be considered lower
than the interest of the first two questions.
Even though almost simple groups appear scarcely among the set of all groups,
trying to answer questions (1), (2) and (3) for the finite simple groups (and their
automorphism groups) seems natural in order to get a better geometric under-
standing of some of them. Moreover, for finite simple groups, involutions have been
thoroughly studied in the process of their classification. The families of (almost)
simple groups not mentioned in this survey are of course also very interesting to
look at but, currently, no results are known for them. So any discovery for them is
most welcome.
2. Preliminaries
Let us start by defining the concepts and fixing the notation needed to under-
stand this survey.
2.1. C-groups and string C-groups. As it is well known that abstract
regular polytopes and string C-groups are in one-to-one correspondence (see for
instance [44, Section 2E]), and since it is much easier to define string C-groups, we
frame our discussion in the language of string C-groups.
Let G be a group and X a set of involutions of G. If 〈X〉 = G, we say that
(G;X) is a group generated by involutions or ggi for short. If there is an ordering
of X , say {ρ0, . . . , ρn−1} where ρiρj = ρjρi for every i, j ∈ {0, . . . , n− 1} such that
|i − j| > 1, then (G; {ρ0, . . . , ρn−1}) is a string group generated by involutions or
sggi for short.
When (G; {ρ0, . . . , ρn−1}) is an sggi, we assume, without loss of generality, that
the involutions are ordered in such a way that ∀i, j ∈ {0, . . . , r − 1}, if |i − j| > 1
then (ρiρj)
2 = 1 (this property is called the commuting property).
Let G be a group and {ρ0, . . . , ρn−1} be a set of involutions of G. The pair
(G; {ρ0, . . . , ρn−1}) satisfies the intersection property if
∀I, J ⊆ {0, . . . , n− 1}, 〈ρi | i ∈ I〉 ∩ 〈ρj | j ∈ J〉 = 〈ρk | k ∈ I ∩ J〉.
If a ggi (G; {ρ0, . . . , ρn−1}) satisfies the intersection property, it is called a C-
group representation of G (or C-group for short). A C-group that satisfies the
commuting property is called a string C-group.
The integer n is the rank of the (string) C-group (G; {ρ0, . . . , ρn−1}).
To a string C-group (G; {ρ0, . . . , ρn−1}), we can associate a Schla¨fli type, that
is a sequence {p1, . . . , pn−1} where pi = o(ρi−1ρi). Observe that if one of the
pi’s is equal to 2, then the group G is a direct product of two non-trivial sub-
groups. If that is the case, we say that (G; {ρ0, . . . , ρn−1}) is reducible; Otherwise
(G; {ρ0, . . . , ρn−1}) is called irreducible. Obviously, ifG is simple and (G; {ρ0, . . . , ρn−1})
is a string C-group, then (G; {ρ0, . . . , ρn−1}) is irreducible. We take as convention
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that a symbol pi appearing k times in adjacent places in a Schla¨fli type can be
replaced by pki instead of writing k times pi. So for instance the Schla¨fli type of the
4-simplex can be written as {3, 3, 3} or as {33}.
Given a group G and two sets S and T of involutions of G such that (G,S) and
(G, T ) are C-groups, we say that (G,S) and (G, T ) are isomorphic if there exists
an element g ∈ Aut(G) such that g maps S onto T .
The (string) C-rank of a group is the largest possible rank of a (string) C-group
representation for that group.
2.2. Permutation representation graphs and CPR graphs. Let G be a
group of permutations acting on a set {1, . . . , n}. Let S := {ρ0, . . . , ρr−1} be a set
of r involutions of G such that G = 〈S〉. We define the permutation representation
graph G of G as the r-edge-labeled multigraph with vertex set V (G) := {1, . . . , n}.
The edge-set of G is the set {{a, aρi} : a ∈ V (G), i ∈ {0, . . . , r − 1}|a 6= aρi} where
every edge {a, aρi} has label i. When (G,S) is a string C-group representation, the
permutation representation graph G is called a CPR graph, as defined in [54].
3. Simple groups and rank three string C-group representations
In 1980, it was asked in the Kourovka Notebook (Problem 7.30) which finite
simple groups can be generated by three involutions, two of which commute. This
problem was solved by Nuzhin and Mazurov in [43, 50, 51, 52, 53]. The groups
PSU4(3) and PSU5(2), although mentioned by Nuzhin as being generated by three
involutions, two of which commute, have recently been discovered not to have such
generating sets by Martin Macaj and Gareth Jones (personal communication of
Jones, checked independently using Magma). We summarize below the accurate
solution to Problem 7.30.
Theorem 3.1 (Nuzhin - Mazurov - Macaj - Jones). Every non-abelian finite
simple group can be generated by three involutions, two of which commute, with the
following exceptions:
PSL3(q), PSU3(q), PSL4(2
n), PSU4(2
n), A6,
A7, PSU4(3), PSU5(2), M11, M22, M23, McL.
If G is a simple group generated by three involutions, two of which commute,
G together with these three involutions form a string C-group representation by
the following result due to Marston Conder and Deborah Oliveros.
Theorem 3.2. [12, Corollary 4.2] If G is a finite non-abelian simple group,
or more generally any finite group with no non-trivial cyclic normal subgroup, then
every smooth homomorphism from the [k,m] Coxeter group onto G gives rise to a
string C-group representation of rank three for G.
It turns out that Theorem 3.1 holds when removing the hypothesis on the rank
as proven by Adrien Vandenschrick in [60]: the exceptions in rank three do not
have string C-group representations of higher rank.
4. Symmetric and alternating groups
4.1. String C-group representations of Sn. Symmetric groups gained our
attention early in this research project. They were among the only ones in the
data we collected that gave string C-group representations of large rank. It was
known for a long time [48] that the group Sn has a string C-group representation
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of rank n− 1, namely (Sn; {(1, 2), (2, 3), . . . , (n− 1, n)}). A recent result of Julius
Whiston [61], showing that the largest size of a set of independent generators of
Sn is n− 1, implies that the string C-rank of Sn is n− 1.
Sjerve and Cherkassoff showed in [55] that Sn is a group generated by three
involutions, two of which commute, provided that n ≥ 4. Their examples satisfy the
intersection property and therefore are rank three string C-group representations
by Theorem 3.2.
Theorem 4.1. [55, Theorem 1.2] Every group Sn with n ≥ 4 has at least one
string C-group representation of rank three.
Earlier work by Conder [10, 11] covers all but a few cases of the results of [55]
for the symmetric groups. As Conder pointed out to us, these days, it takes a few
seconds to handle the missing cases for Sn with Magma [1].
Together with Maria Elisa Fernandes, we determined the number of non-isomorphic
string C-group representations of Sn of rank n− 1 and n− 2 [20, 25]. Then with
Fernandes and Mark Mixer we also determined the representations of rank n − 3
and n− 4 [26].
Theorem 4.2. [26, Theorem 1.1] Let 1 ≤ i ≤ 4, and n ≥ 3+2i when r = n− i.
If Γ is a string C-group representation of a group G, of rank r ≥ n − i with a
connected diagram and G is isomorphic to a transitive group of degree n then G or
its dual is isomorphic to Sn and the CPR graph is one of those listed in Table 1.
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Figure 1. CPR graphs of string C-group representations of rank
r ≥ n− 4 for Sn.
Also with Fernandes, we showed that there were no gaps in the set of possible
ranks of string C-group representations of Sn.
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G Rk 3 Rk 4 Rk 5 Rk 6 Rk 7 Rk 8 Rk 9 Rk 10 Rk 11 Rk 12 Rk 13
S5 4 1 0 0 0 0 0 0 0 0 0
S6 2 4 1 0 0 0 0 0 0 0 0
S7 35 7 1 1 0 0 0 0 0 0 0
S8 68 36 11 1 1 0 0 0 0 0 0
S9 129 37 7 7 1 1 0 0 0 0 0
S10 413 203 52 13 7 1 1 0 0 0 0
S11 1221 189 43 25 9 7 1 1 0 0 0
S12 3346 940 183 75 40 9 7 1 1 0 0
S13 7163 863 171 123 41 35 9 7 1 1 0
S14 23126 3945 978 303 163 54 35 9 7 1 1
Table 1. The number of pariwise nonisomorphic string C-group
representations of Sn (5 ≤ n ≤ 14).
Theorem 4.3. [20, Theorem 3] Let n ≥ 4. For every r ∈ {3, . . . , n − 1},
there exists at least one string C-group representation of rank r of Sn for every
3 ≤ r ≤ n− 1. Its Schla¨fli type is {n− r + 2, 6, 3r−3}.
Table 1 gives, for Sn (5 ≤ n ≤ 14), the number of pairwise nonisomorphic
string C-group representations of rank r (3 ≤ r ≤ n− 1). It suggests the following
problem.
Problem 1. Enumerate the string C-group representations of rank r of Sn for
every 3 ≤ r ≤ n− 1.
This problem is solved for the four highest values of r and n large enough as
pointed out in Theorem 4.2. It suggests the following conjecture.
Conjecture 1. The number of string C-group representations of rank n − i
for Sn with 1 ≤ i ≤ (n− 3)/2 is a constant independent of n.
This conjecture suggests the existence of a new integer sequence (not appearing
in the Encyclopedia of Integer Sequences) starting with 1, 1, 7, 9 and whose next
number is likely 35 as the experimental data of Table 1 suggest.
A first step in trying to solve Problem 1 has been made by Kiefer and the
author. We computed the number of unordered pairs of commuting involutions in
Sn up to conjugacy in Aut(Sn) in [33]. We obtained the following result.
Theorem 4.4. [33, Theorem 1.1] Let n > 1 be a positive integer. Define λ(k)
and ψ(k, n) as follows.
λ(k) =
⌊(k
2
+ 1
)2⌋
ψ(k, n) =


[
1
2
(2k − n)
]2
+ 1
2
(2k − n) if n is even,
[
1
2
(2k − n− 1)
]2
+ 2k − n if n is odd.
There are, up to isomorphism,
−
3n
2
+
n∑
k=1
λ(k) ·
(n− k
2
+ 1
)
−
1
2
·
n∑
k=⌊n
2
⌋+1
ψ(k, n)
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n {ρ0, ρ2}, with ρ0, ρ2 ∈ S(n) {ρ0, ρ2}, with ρ0, ρ2 ∈ A(n)
1,2,3 0 0
4,5 3 1
6 5 1
7 9 2
8,9 21 7
10,11 39 10
12,13 67 21
14,15 105 28
16,17 158 48
18,19 226 61
20 315 93
30 1169 315
40 3105 855
50 6774 1795
Table 2. Number of unordered pairs of commuting involutions in
Sn and An, up to conjugacy in Aut(Sn).
unordered pairs of commuting involutions in S2n and S2n+1 except for S6 in
which there are, up to isomorphism, five unordered pairs of commuting involutions.
A similar result was obtained for the alternating groups (see Theorem 4.10).
Table 2 gives the number of pairwise nonisomorphic pairs of commuting involutions
for Sn (and An) for some values of n. As the reader can see, the numbers appearing
in this table are not very encouraging to solve Problem 1 for the cases not covered
by Conjecture 1.
4.2. String C-group representations of An. Alternating groups were in-
vestigated in the same vein as symmetric groups.
Sjerve and Cherkassoff showed in [55] that An is a group generated by three
involutions, two of which commute, provided that n ≥ 4 and n 6= 6, 7 or 8. Their
examples satisfy the intersection property and therefore are rank three string C-
group representations.
Theorem 4.5. [55, Theorem 1.1] Every group An with n = 5 or n ≥ 9 has at
least one string C-group representation of rank three.
Again, earlier work by Conder [10, 11] covers all but a few cases of the results
of [55] for the alternating groups.
When we started working on string C-group representations for the alternat-
ing groups with Fernandes and Mixer, we first collected experimental data for An
with n ≤ 12. Table 3 gives the number of pairwise nonisomorphic string C-group
representations for An (5 ≤ n ≤ 15). A striking observation came for A11. It was
the first time we found a group that had string C-group representations whose set
of ranks is not an interval (in this case, the set of ranks is {3, 6}).
We proved that for each rank r ≥ 4, there is at least one group An that has a
string C-group representation of rank r.
Theorem 4.6. [23, Theorem 1.1] For each rank k ≥ 3, there is a string C-group
representation of rank k with group An for some n. In particular, for each even
8 DIMITRI LEEMANS
G Rank 3 Rank 4 Rank 5 Rank 6 Rank 7 Rank 8
A5 2 0 0 0 0 0
A6 0 0 0 0 0 0
A7 0 0 0 0 0 0
A8 0 0 0 0 0 0
A9 41 6 0 0 0 0
A10 94 2 4 0 0 0
A11 64 0 0 3 0 0
A12 194 90 22 0 0 0
A13 1558 102 25 10 0 0
A14 4347 128 45 9 0 0
A15 5820 158 20 42 6 0
Table 3. The number of pariwise nonisomorphic string C-group
representations of An (5 ≤ n ≤ 15).
Group Schla¨fli Type CPR Graph
A2r+1
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Table 4. String C-group representations for An
rank r ≥ 4, there is a string C-group representation of Schla¨fli type {10, 3r−2} with
group A2r+1, and for each odd rank q ≥ 5, there is a string C-group representation
of Schla¨fli type {10, 3q−4, 6, 4} with group A2q+3.
We then managed to construct string C-group representations of rank ⌊n−1
2
⌋
for An with n ≥ 12.
Theorem 4.7. [24, Theorem 1.1] For each n /∈ {3, 4, 5, 6, 7, 8, 11}, there is a
rank ⌊n−1
2
⌋ string C-group representation of the alternating group An.
We were quickly convinced that this rank was the best possible but it took
another five years, and Peter Cameron joining forces, to finally prove the following
theorem.
Theorem 4.8. [9, Theorem 1.1] The maximum rank of a string C-group rep-
resentation of An is 3 if n = 5; 4 if n = 9; 5 if n = 10; 6 if n = 11 and ⌊
n−1
2
⌋ if
n ≥ 12. Moreover, if n = 3, 4, 6, 7 or 8, the group An is not a string C-group.
Fernandes and the author then managed to construct string C-group represen-
tations of each rank 3 ≤ r ≤ ⌊(n− 1)/2⌋ for An with n ≥ 12.
Theorem 4.9. [22, Theorem 1.1] For n ≥ 12 and for every 3 ≤ r ≤ ⌊(n−1)/2⌋,
the group An has at least one string C-group representation of rank r.
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Table 3 together with the proof of Theorem 4.8 suggests that the enumeration
results we obtained for the symmetric groups will be much harder to get for the
alternating groups. Nevertheless, this is a very interesting problem as well so we
list it here.
Problem 2. Enumerate the string C-group representations of rank r of An for
every 3 ≤ r ≤ n− 1.
As for the symmetric groups, a first step in trying to solve Problem 2 has been
made by Kiefer and the author. We computed the number of unordered pairs of
commuting involutions in An, up to conjugacy in Aut(Sn) in [33]. We obtained the
following result.
Theorem 4.10. [33, Theorem 1.2] Let n > 1 be a positive integer. Define λ(k),
φ(k, n) and µ(n) as follows.
λ(k) =
⌊(k
2
+ 1
)2⌋
φ(k, n) =


λ(k) − 1 if k ≤
⌊n
2
⌋
,
λ(k) − ψ(k, n)− 1 if k >
⌊n
2
⌋
,
µ(n) =− 2
⌊n
2
⌋
+
n∑
k=1
k even
[
γ(k) ·
⌈1
2
·
(
n− k + 1
)⌉
+ δ(k) ·
⌊1
2
·
(
n− k + 1
)⌋]
where
γ(k) =
k2
8
+
3k
4
+ 1,
δ(k) =
k2
8
+
k
4
.
There are, up to isomorphism,
1
2
(
µ(n) +
n∑
k=1
k even
φ(k, n)
)
unordered pairs of commuting involutions in A2n and A2n+1 except for A6 in
which there is, up to isomorphism, a unique unordered pair of commuting involu-
tions.
As mentioned in the previous section, Table 2 gives the number of pairwise
nonisomorphic pairs of commuting involutions for An for some values of n.
5. Projective linear groups
Several projective linear groups were analyzed in [41]. The observation of the
data collected permitted, over the years, to obtain classification results that we
summarize in this section.
10 DIMITRI LEEMANS
5.1. Groups PSL(2, q). The values of q for which a PSL(2, q) group has rank
three polytopes were determined by Sjerve and Cherkassoff.
Theorem 5.1. [55, Theorem 1.3] The PSL(2, q) group may be generated by
three involutions, two of which commute, if and only if q 6= 2, 3, 7 or 9.
For the groups PSL(2, q), we quickly observed that the maximal rank of a string
C-group representation for these groups is 4 as they do not possess subgroups that
are direct products of two dihedral groups of order at least 6 each, obtaining the
following theorem.
Theorem 5.2. [41, Theorem 2] Let G ∼= PSL(2, q). The rank of a string
C-group representation of G is at most 4.
More striking was the fact that, up to q = 32, only two groups PSL(2, q)
had a rank four representation, namely PSL(2, 11) and PSL(2, 19). Together with
Schulte, we managed to prove the following theorem.
Theorem 5.3. [38, Theorem 1] If PSL(2, q) has a string C-group represen-
tation of rank 4, then q = 11 or 19. Moreover, for each of these two values of q,
there is, up to isomorphism, a unique string C-group representation of rank four
for PSL(2, q).
This result made the 11-cell and the 57-cell even more special. They were the
only two string C-group representations of rank four known for groups PSL(2, q)
and our result explained why.
The proof of Theorem 5.3 and subsequent theorems on groups with socle
PSL(2, q) (see next subsections) rely heavily on the complete knowledge of the
subgroup structure of PSL(2, q). As mentioned in [6, Section 4.1], the subgroup
structure of PSL(2, q) was first obtained in papers by Moore [49] and Wiman [62].
Observe also that the more recent results on PSL(4, q) groups make it less
surprising that the maximal rank of a string C-group representation of PSL(2, q) is
three in most cases. Indeed, there is not much freedom left by the commuting prop-
erty to find larger sets of involutions that would give string C-group representations
for these groups.
5.2. Groups PGL(2, q). Again, in the rank three case, Sjerve and Cherkas-
soff determined for which values of q the group PGL(2, q) has a string C-group
representation.
Theorem 5.4. [55, Theorem 1.4] The PGL(2, q) group may be generated by
three involutions, two of which commute, if and only if q 6= 2.
Looking at the data collected in [41], we conjectured with Schulte that the
maximum rank of a string C-group representation of PGL(2, q) should be three
except when q = 5 and we proved the following result.
Theorem 5.5. [39, Theorem 4.8] The group PGL(2, q) has string C-group
representations of rank at most 4. Moreover, only PGL(2, 5) has a string C-group
representation of rank 4.
The only exception in rank four is the 4-simplex whose automorphism group is
S5 ∼= PGL(2, 5).
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5.3. Almost simple groups with socle PSL(2, q). Later on, with Connor
and De Saedeleer, we decided to study almost simple groups with socle PSL(2, q).
We proved the following classification theorem, in the same vein as the results
obtained with Schulte, answering at the same time a conjecture we stated in [39].
Theorem 5.6. [14, Theorem 1.1] Let PSL(2, q) ≤ G ≤ PΓL(2, q). Suppose G
has a string C-group representation. Then
(1) if q = 2 then G ∼= PSL(2, 2) ∼= S3 and G has a unique rank 2 string
C-group representation, namely the one coming from the triangle;
(2) if q = 3 then G ∼= PGL(2, 3) ∼= S4 and G only has rank three string
C-group representations;
(3) if q = 4 or 5 then either G ∼= PSL(2, 4) ∼= PSL(2, 5) ∼= A5 and G has rank
three string C-group representations only, or G ∼= PGL(2, 5) ∼= S5 and G
has rank three and four string C-group representations;
(4) if q = 7 then G ∼= PGL(2, 7) and G has rank three string C-group repre-
sentations only;
(5) if q ≥ 8 then
(a) if q = 22k+1, k ≥ 1, then G ∼= PSL(2, 22k+1) and G has rank three
string C-group representations only;
(b) if q = 9 then either G ∼= PGL(2, 9), or G ∼= PΣL(2, 9) ∼= S6, or
G ∼= PΓL(2, 9), and G has rank three string C-group representations;
moreover PΣL(2, 9) has string C-group representations of ranks 3, 4
and 5;
(c) if q = p2k+1 ≥ 11, p an odd prime and k ≥ 0, then G ∼= PSL(2, p2k+1)
or G ∼= PGL(2, p2k+1); in either case, G has rank three string C-
group representations; if moreover q = 11 or 19 then G ∼= PSL(2, q)
has rank four string C-group representations;
(d) if q = p2k ≥ 16, p any prime and k ≥ 1 then either G ∼= PSL(2, p2k)
or G ∼= PGL(2, p2k) or G ∼= PSL(2, p2k)⋊ 〈β〉 or G ∼= PGL(2, p2k)⋊
〈β〉, where β is a Baer involution of PΓL(2, p2k); in all four cases, G
has rank three string C-group representations; moreover, PSL(2, p2k)⋊
〈β〉 also has string C-group representations of rank 4.
5.4. Open problems on groups with socle PSL(2, q). Enumeration of C-
group representations of rank three for groups PSL(2, q) and PGL(2, q) can be
found in [13]. Even though their results are for hypermaps, all the hypermaps they
give satisfy the intersection property by [12, Corollary 4.2] as none of PSL(2, q) or
PGL(2, q) possesses a non-trivial cyclic subgroup that is normal. String C-group
representations of rank four for PSL(2, q) and PGL(2, q) are known thanks to
Theorems 5.3 and 5.5.
Problem 3. Enumerate the non-isomorphic string C-group representations of
rank three and four of PSL(2, p2k)⋊〈β〉 where β is a Baer involution of PΓL(2, p2k).
Problem 4. Enumerate the non-isomorphic string C-group representations of
rank three of PGL(2, p2k)⋊ 〈β〉 where β is a Baer involution of PΓL(2, p2k).
5.5. Groups PSL(3, q) and PGL(3, q). In [5], Brooksbank and Vicinsky
proved the following theorem.
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Theorem 5.7. [5] If G ≤ GL(3, q) has a string C-group representation, then
q is odd and there is a non-degenerate symmetric bilinear form f on V such that
Ω(V, f) ≤ G ≤ I(V, f).
As a corollary of their result (see [60]), the groups PSL(3, q) and PGL(3, q)
are not string C-groups.
The proof of the Brooksbank-Vicinsky theorem is very different from the ones
for the groups with socle PSL(2, q). It uses the fact that, for any subgroup G of
GL(3, q), any string C-group representation of G is of rank at most four. Then, the
authors prove that if G has a string C-group representation of rank three or four,
q is odd and G preserves a non-degenerate symmetric bilinear form.
5.6. Open problems on groups with socle PSL(3, q). From the data col-
lected in [41], it is clear that some of these groups have string C-group represen-
tations of rank three, four and five. Again, it would be nice to know what is the
maximal rank for these groups and to enumerate them.
Problem 5. Determine the maximal rank of a string C-group representation
for G with PSL(3, q) ≤ G ≤ Aut(PSL(3, q)).
Problem 6. Enumerate the non-isomorphic string C-group representations of
rank three of G with PSL(3, q) ≤ G ≤ Aut(PSL(3, q)).
5.7. Groups with socle PSL(4, q). In [3], with Brooksbank, we showed that
the groups PSL(4, q) have string C-group representations if and only if q is odd.
Moreover, we showed that for each odd q, there is at least one string C-group
representation of rank four.
Theorem 5.8. [3, Theorem 1.1 and Corollary 4.5] If q = pk for odd p, then
PSL(4, q) has at least one string C-group representation of rank 4. If q is even,
then PSL(4, q) has no string C-group representation.
Conjecture 2. The group PSL(4, q), with q odd, has maximal rank 4 as a
string C-group.
Problem 7. Determine the maximal rank of a string C-group representation
for G with PSL(4, q) ≤ G ≤ Aut(PSL(4, q)).
6. Suzuki groups
Among the nonabelian simple groups, those with the easiest subgroup structure
are the Suzuki simple groups. They are therefore the most promising groups for
which the three main questions mentioned in the introduction seem solvable. This
is the reason why we decided to start working on these questions with these groups.
As a rule of thumb, it seems to us that if a general question on finite simple groups
is not answerable for Suzuki simple groups, it is unlikely it will be for the other
families.
We recall the definition of the Suzuki groups as given in [42]. Let K be a
field of characteristic 2 with | K |> 2. Let σ be an automorphism of K such that
xσ
2
= x2 for each x in K. Let B be the 3-dimensional projective space over K and
let (x0, x1, x2, x3) be the coordinates of a point of B. Let E be the plane defined
by the equation x0 = 0 and put U = (0, 1, 0, 0)K. We introduce coordinates in the
affine space BE by x =
x2
x0
, y = x3x0 , and z =
x1
x0
. Finally, let D be the set of points
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of B consisting of U and all those points of BE whose coordinates (x, y, z) satisfy
the equation
z = xy + xσ+2 + yσ
We denote by Sz(K, σ) the group of all projective collineations of B which leave D
invariant. When K is a finite field, σ is unique and in this case, K is isomorphic to
GF(q) with q = 22e+1. The groups Sz(q) are the Suzuki groups named after Michio
Suzuki who found them in 1960. The generalizations Sz(K, σ) are due to Rimhak
Ree and Jacques Tits (see for example [57]). The set D is an ovoid, i.e. a non-empty
point-set of a projective 3-space that satisfies the following three conditions.
(1) No three points are collinear.
(2) If p ∈ D, there exists a plane E of B with D ∩E = {p}.
(3) If p ∈ D and if E is a plane of B with D∩E = {p}, then all lines l through
p which are not contained in E carry a point of D distinct from p.
Every involution of Sz(q) fixes a unique point of D. Moreover, commuting
involutions have the same fixed point. Looking at the results obtained in [41], and
thanks to the knowledge gathered on Suzuki simple groups during our PhD thesis,
we quickly managed to prove the following theorem.
Theorem 6.1. [36, Theorem 1] Let Sz(q) ≤ G ≤ Aut(Sz(q)) with q = 22e+1
and e > 0 a positive integer. Then G is a C-group if and only if G = Sz(q).
Moreover, if (G, {ρ0, . . . , ρn−1}) is a string C-group, then n = 3.
We give here a different proof from the original one, using centralisers of invo-
lutions.
Proof. The group G := Sz(q) has a unique conjugacy class of involutions.
Suppose G is the natural permutation representation of Sz(q) acting on a Suzuki-
Tits ovoid. Two involutions commute in G if and only if they fix the same point
on the ovoid. As G is simple, it implies that the maximal rank of a string C-group
representation of G is three. Moreover, since Aut(Sz(q)) ∼= Sz(q) : C2e+1 and
2e + 1 is odd, all involutions of Aut(Sz(q)) are in Sz(q) and therefore, a set of
involutions of Aut(Sz(q)) can at most generate Sz(q). Finally, take two involutions
ρ0 and ρ2 that commute in G. Pick an involution ρ1 such that the order of ρ0ρ1
is q − 1. Then ρ1 obviously does not commute with ρ2 and G = 〈ρ0, ρ1, ρ2〉 as
〈ρ0, ρ1〉 is a maximal subgroup of G. The pair (G, {ρ0, ρ1, ρ2}) is a string C-group
representation of G. 
In 2010, with Ann Kiefer, we managed to count the number of pairwise non-
isomorphic string C-group representations of rank three of a given Suzuki group
Sz(q).
Theorem 6.2. [32, Theorem 2] Up to isomorphism and duality, a given Suzuki
group Sz(q), with q = 22e+1 and e > 0 an integer, has
1
2
∑
2f+1|2e+1
µ(
2e+ 1
2f + 1
)
∑
n|2f+1
n6=1
λ(n)ψ(n, 2f + 1)
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string C-group representations, where µ(n) is the Moebius function,
λ(n) =
1
n
∑
d|n
µ(
n
d
) · 2d and
ψ(n, 2f + 1) =
∑
m| 2f+1
n
∑
d|m µ(
m
d )(2
nd − 1)
m
.
All these representations are non-degenerate, i.e. have a Schla¨fli type with entries
≥ 3.
This result closed the chapter of string C-group representations for Suzuki
simple groups as the three main questions we gave in Section 1 were answered.
7. Small Ree groups
The small Ree groups R(q), defined over a finite field of order q = 32e+1 and
e > 0, were discovered by Rimhak Ree [56] in 1960. In the literature they are also
denoted by 2G2(q). These groups have a subgroup structure quite similar to that of
the Suzuki simple groups Sz(q), with q = 22e+1 and e > 0. Suzuki and Ree groups
play a somewhat special role in the theory of finite simple groups, since they exist
because of a Frobenius twist arising from a special automorphism of the field over
which they are constructed. They have no counterpart in characteristic zero.
The Ree group G := R(q), with q = 32e+1 and e ≥ 0, is a group of order
q3(q − 1)(q3 + 1). It has a natural permutation representation on a Steiner system
S := (Ω,B) = S(2, q+1, q3+1) consisting of a set Ω of q3+1 elements, the points ,
and a family of (q+1)-subsets B of Ω, the blocks , such that any two points of Ω lie
in exactly one block. This Steiner system is also called a Ree unital . In particular,
G acts 2-transitively on the points and transitively on the incident pairs of points
and blocks of S.
A list of the maximal subgroups of G is available, for instance, in [59, p. 349]
and [34].
The group G has a unique conjugacy class of involutions (see [56]). Every
involution ρ ofG has a blockB of S as its set of fixed points, andB is invariant under
the centralizer CG(ρ) of ρ in G. Moreover, CG(ρ) ∼= C2×PSL(2, q), where C2 = 〈ρ〉
and the PSL(2, q)-factor acts on the q + 1 points in B as it does on the points of
the projective line PG(1, q). Hence the knowledge of string C-group representations
of groups PSL(2, q) is helpful to construct string C-group representations of large
rank for G.
The automorphism group Aut(R(q)) of R(q) is given by
Aut(R(q)) ∼= R(q) :C2e+1,
so in particular Aut(R(3)) ∼= R(3).
In [40], using the list of maximal subgroups ofG and the geometric properties of
the Steiner system, we obtained, with Egon Schulte and Hendrik Van Maldeghem,
the following theorem bounding the rank of a string C-group representation of a
small Ree group R(q).
Theorem 7.1. [40, Theorem 1.1] Among the almost simple groups G with
R(q) ≤ G ≤ Aut(R(q)) and q = 32e+1 6= 3, only the Ree group R(q) itself is a
C-group. In particular, R(q) admits a representation as a string C-group of rank 3,
but not of higher rank. Moreover, the non-simple Ree group R(3) is not a C-group.
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In other words, the groups R(q) behave just like the Suzuki groups: they allow
representations as string C-groups, but only of rank 3. The proof of this theorem,
unlike its counterpart for the Suzuki groups, is very lengthy and uses a deep analysis
of the lattice of subgroups of a Ree group.
Problem 8. Enumerate the non-isomorphic string C-group representations of
rank three of R(q).
8. Orthogonal and symplectic groups
With Brooksbank and Ferrara, we decided to investigate the orthogonal groups
and to look for string C-group representations of large rank. Indeed, apart from the
symmetric and alternating groups, as well as some crystallographic groups studied
by Barry Monson and Egon Schulte (see [45, 46, 47]), no other family of groups
was known to have possible large ranks that could grow linearly depending on one of
its parameters, being the permutation degree or the dimension of the group or the
size of the field on which the group is defined. We obtained the following theorem
for orthogonal and symplectic groups.
Theorem 8.1. [2, Corollary 1.3] For each integer k ≥ 2, positive integer m, and
ǫ ∈ {−,+}, the orthogonal group Oǫ(2m,F2k) has a string C-group representation of
rank 2m, and the symplectic group Sp(2m,F2k) has a string C-group representation
of rank 2m+ 1.
Given the way we had to choose the involutions to construct the string C-group
representations mentioned in Theorem 8.1, we have good reasons to believe that no
higher rank can be achieved for these groups.
Problem 9. Determine the maximal rank of a string C-group representation
for Oǫ(2m,F2k) and for Sp(2m,F2k).
9. Sporadic groups
In [41], all string C-group representations were computed for the sporadic
groups M11, M12, M22, J1 and J2, as well as for their respective automorphism
groups. In 2010, Hartley and Alexander Hulpke [30] designed more efficient al-
gorithms that permitted them to classify all string C-group representations of the
five Mathieu groups, the first three Janko groups, the Higman-Sims group, the
McLaughlin group and the Held group. In 2012, with Mixer, we further improved
the algorithms and managed to classify all string C-group representations of the
third Conway group [37]. In [18], we proved with Connor and Mixer that the maxi-
mal rank of a string C-group representation for the O’Nan group is four. Moreover,
we gave all string C-group representations of rank four for the O’Nan group. In [17],
with Connor, we enumerated the regular maps of the O’Nan group using character
theory, but we were unable to determine how many of them give a string C-group
representation of rank three of the O’Nan group.
A summary of these results is given in Table 5. No string C-group representa-
tion of rank six or higher exists for all the groups listed in that table as shown in
the corresponding references given above.
Problem 10. Determine the number of pairwise nonisomorphic string C-group
representations of rank three for the O’Nan group.
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G Order of G Rank 3 Rank 4 Rank 5
M11 7,920 0 0 0
M12 95,040 23 14 0
M22 443,510 0 0 0
M23 10,200,960 0 0 0
M24 244823040 490 155 2
J1 175,560 148 2 0
J2 604,800 137 17 0
J3 50,232,960 303 2 0
HS 44,352,000 252 57 2
McL 898,128,000 0 0 0
He 4,030,387,200 1188 76 0
O′N 460,815,505,920 Unknown 31 0
Co3 495,766,656,000 21118 1746 44
Table 5. Number of string C-group representations for sporadic groups
Problem 11. Try to push further the algorithms to study the remaining spo-
radic groups.
One of the problems of the current algorithms is that they work with a permu-
tation representation of the group to be analyzed. This becomes a problem when
such a representation is on more than, say, 150000 points. Using matrix groups
instead of permutation groups might help. Another way to improve the existing
algorithms would be to use parallel computing.
10. Collateral results
While working on specific families of simple groups, more general results were
found. We mention the main ones in this section.
10.1. Transitive groups. Transitive groups played a key role in the proof of
Theorem 4.8. Indeed, to prove that theorem, the authors had to get the best possi-
ble bound for the maximal rank of a string C-group representation for a transitive
group of degree n that is not Sn nor An. Together with Cameron, Fernandes and
Mixer, we obtained the following result.
Theorem 10.1. [8, Theorem 1.2] Let Γ be a string C-group representation of
rank d which is isomorphic to a transitive subgroup of Sn other than Sn or An.
Then one of the following holds:
(1) d ≤ n/2;
(2) n ≡ 2 mod 4, d = n/2 + 1 and Γ is C2 ≀ Sn/2. The generators are
ρ0 = (1, n/2 + 1)(2, n/2 + 2) . . . (n/2, n);
ρ1 = (2, n/2 + 2) . . . (n/2, n);
ρi = (i− 1, i)(n/2 + i− 1, n/2 + i) for 2 ≤ i ≤ n/2.
Moreover the Schla¨fli type is {2, 3, . . . , 3, 4}.
(3) Γ is transitive imprimitive and is one of the examples appearing in Table 6.
(4) Γ is primitive. In this case, n = 6. Moreover Γ is obtained from the
permutation representation of degree 6 of S5 ∼= PGL2(5) and it is the
group of the 4-simplex of Schla¨fli type {3, 3, 3}.
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Degree Number Structure Order Schla¨fli type
6 9 S3 × S3 36 {3, 2, 3}
6 11 23 : S3 48 {2, 3, 3}
6 11 23 : S3 48 {2, 3, 4}
8 45 24 : S3 : S3 576 {3, 4, 4, 3}
Table 6. Examples of transitive imprimitive string C-groups of
degree n and rank n/2 + 1 for n ≤ 9.
This result and the experimental data obtained for the symmetric groups make
us strongly believe in Conjecture 1. Indeed, it forces all the maximal parabolic
subgroups of a string C-group representation of Sn of rank at least n/2 + 3 to be
intransitive subgroups of Sn when n is large enough, that is n ≥ 9.
10.2. Rank reduction. The proof of Theorem 4.9 has inspired Peter Brooks-
bank and the author to prove a rank reduction theorem [4].
Theorem 10.2. [4, Theorem 1.1] Let (G; {ρ0, . . . , ρn−1}) be an irreducible
string C-group of rank n ≥ 4. If ρ0 ∈ 〈ρ0ρ2, ρ3〉, then (G; {ρ1, ρ0ρ2, ρ3, . . . , ρn−1})
is a string C-group of rank n− 1.
In particular, this theorem gives the following corollary.
Corollary 1. [4, Corollary 1.3] Let (G; {ρ0, . . . , ρn−1}) be an irreducible
string C-group representation of rank n ≥ 4 of G. Let {p1, . . . , pn−1} be its Schla¨fli
type, and put
t = max{j ∈ {0, . . . , n− 3} : ∀i ∈ {0, . . . , j}, p2+i is odd}.
Then G has a string C-group representation of rank n− i for each i ∈ {0, . . . , t}.
This corollary stresses the importance of trying to construct string C-group
representations of large ranks as they may give representations of lower ranks for
free. For instance, the corollary makes the proof of Theorem 4.3 straightforward.
It can also be used to improve the proof of Theorem 4.9, and it was used by
Brooksbank and the author to prove the following result.
Theorem 10.3. [4, Theorem 1.4] Let k ≥ 2 and m ≥ 2 be integers.
(a) The symplectic group Sp(2m,F2k) has a string C-group representation of
rank n for each 3 ≤ n ≤ 2m+ 1.
(b) The orthogonal groups O+(2m,F2k) and O
−(2m,F2k) have string C-group
representations of rank n for each 3 ≤ n ≤ 2m.
We conclude this section by recalling the following conjecture made by Brooks-
bank and the author in [4].
Conjecture 3. [4, Conjecture 5.1] The group A11 is the only finite simple
group whose set of ranks of string C-group representations is not an interval in the
set of integers.
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11. C-groups
A natural question is to see if one could prove similar results by weakening
the hypotheses. We finish this survey with what is currently known about C-group
representations of almost simple groups.
Work with Thomas Connor showed that the word ‘string’ in the last part of
the statement of the Theorem 6.1 can be removed.
Theorem 11.1. [16, Classification Theorem 1.1] Let q = 22e+1 6= 2 be an odd
power of 2 and let Sz(q) ≤ G ≤ Aut(Sz(q)) be an almost simple group of Suzuki
type. Let (G, {ρ0, . . . , ρr−1}) be a C-group representation of G. Then G = Sz(q)
and r = 3. Moreover there exist at least one string C-group representation and one
nonstring C-group representation of G.
C-group representations in general are also very interesting to study as they are
smooth quotients of Coxeter groups, not only those with a string diagram. More-
over, they are often (but not always as in the case of string C-group representations)
automorphism groups of more general geometric objects that, together with Fer-
nandes and Weiss, we called hypertopes in [27]. These objects are apartments in
the theory of Buildings due to Jacques Tits (see [58]), one more reason to study
them further.
It would be interesting to have a result similar to Theorem 6.2 for C-groups.
Problem 12. Determine the number of pairwise non-isomorphic C-group rep-
resentations of Sz(q).
Together with Connor and Sebastian Jambor, we obtained the following result
for groups PSL(2, q) and PGL(2, q).
Theorem 11.2. [15, Theorem 1.1] Let G ∼= PSL(2, q) for some prime power
q ≥ 4. A C-group representation of G is of rank 4 if and only if q ∈ {7, 9, 11, 19, 31}.
Otherwise it is 3.
Let G ∼= PGL(2, q) for some prime power q ≥ 4. A C-group representation of
G is of rank 4 if and only if q = 5. Otherwise it is 3.
Our proof was in two steps: first we reduced the possible Coxeter diagrams of
the C-group representations of group PSL(2, q) and PGL(2, q) using the subgroup
structure of PGL(2, q). Then we used the L2-quotient algorithm to see which dia-
grams gave Coxeter groups admitting groups PSL(2, q) or PGL(2, q) as quotients.
Unfortunately, this algorithm does not permit to recognize other almost simple
groups with socle PSL(2, q) so we were not able to extend our result to all almost
simple groups with socle PSL(2, q).
Problem 13. Prove a theorem similar to Theorem 5.6 for C-groups.
The resolution of this problem would become feasible if one manages to extend
the L2-quotient algorithms to all almost simple groups with socle PSL(2, q). We
have no idea however on how easy or difficult the latter is.
Problem 14. Enumerate C-group representations of groups with socle PSL(2, q).
As pointed out earlier, small Ree groups and Suzuki groups are very similar.
It would therefore be interesting to try to prove a theorem similar to Theorem 11.1
for small Ree groups. This is stated in the following problem.
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Problem 15. Determine the maximal rank of a C-group with group R(q).
As in the case of Suzuki groups and groups PSL(2, q) and PGL(2, q), it is
possible to obtain classification theorems for the symmetric groups when removing
the string condition. Theorem 1 of [20] was obtained as a corollary of the following
result that gives the C-groups of rank n−1 for Sn when n ≥ 7. It is due to Cameron
and Philippe Cara but rephrased here in the framework of C-groups.
Theorem 11.3. [7] For n ≥ 7, G a permutation group of degree n and {ρ0, . . . , ρn−2}
a set of involutions of G, Γ := (G, {ρ0, . . . , ρn−2}) is a C-group representation of
rank n − 1 of G if and only if the permutation representation graph of Γ is a tree
T with n vertices. Moreover, the ρi’s are transpositions, G ∼= Sn and the Coxeter
diagram of Γ is the line graph of T .
Together with Fernandes, we managed in [21] to give a classification of C-groups
of rank n− 2 for Sn when n ≥ 9. Recall that a 2-transposition is an involution that
is the product of two transpositions.
Theorem 11.4. Let n ≥ 9. Let {ρ0, . . . , ρn−3} be a set of involutions of Sn.
Then Γ := (Sn, {ρ0, . . . , ρn−3}) is a C-group representation of rank n − 2 of Sn if
and only if its permutation representation graph belongs to one of the following three
families, up to a renumbering of the generators, where ρ2, . . . , ρn−3 are transposi-
tions corresponding to the edges of a tree with n− 3 vertices and the two remaining
involutions, ρ0 and ρ1, are either transpositions or 2-transpositions (with at least
one of them being a 2-transposition).
(A)
 1  0  1  2   i  
(B) 
 1  0 
1
2
  i  
(C) 
0
1

1

0

2
  i  
Acknowledgements
The author would like to thank two anonymous referees whose fruitful com-
ments improved this survey.
References
[1] W. Bosma, J. Cannon, C. Playoust, The Magma Algebra System. I: the user language, J.
Symbolic Comput. 24:235–265, 1997.
[2] P. A. Brooksbank, J. T. Ferrara and D. Leemans. Orthogonal groups in characteristic 2 acting
on polytopes of high rank. Discrete Comput. Geom., to appear.
[3] P. A. Brooksbank and D. Leemans. Polytopes of large rank for PSL(4, q). J. Algebra 452:390–
400, 2016.
[4] P. A. Brooksbank and D. Leemans. Rank reduction of string C-group representations. Proc.
Amer. Math. Soc. 147(12):5421–5426, 2019.
[5] P. A. Brooksbank and D. A. Vicinsky. Three-dimensional classical groups acting on polytopes.
Discrete Comput. Geom. 44(3):654–659, 2010.
[6] F. Buekenhout, J. De Saedeleer and D. Leemans. On the rank two geometries of the groups
PSL(2, q): part I. Ars Math. Contemp 3:177–192, 2010.
[7] P. J. Cameron and P. Cara. Independent generating sets and geometries for symmetric groups.
J. Algebra 258(2):641–650, 2002.
[8] P. J. Cameron, M. E. Fernandes, D. Leemans and M. Mixer. String C-groups as transitive
subgroups of Sn. J. Algebra 447:468–478, 2016.
[9] P. J. Cameron, M. E. Fernandes, D. Leemans and M. Mixer. Highest rank of a polytope for
An. Proc. London Math. Soc. 115:135–176, 2017.
20 DIMITRI LEEMANS
[10] M. Conder. Generators for alternating and symmetric groups. J. London Math. Soc. 22(2):75–
86, 1980.
[11] M. Conder. More on generators for alternating and symmetric groups. Quart. J. Math. (Ox-
ford) Ser.2 32:137–163, 1981.
[12] M. Conder and D. Oliveros The intersection condition for regular polytopes. J. Combin.
Theory Ser. A 120:1291–1304, 2013.
[13] M. Conder, P. Potocˇnik, and J. Sˇira´nˇ. Regular hypermaps over projective linear groups. J.
Aust. Math. Soc. 85:155–175, 2008.
[14] T. Connor, J. De Saedeleer and D. Leemans. Almost simple groups with socle PSL(2, q)
acting on abstract regular polytopes. J. Algebra 423:550–558, 2015.
[15] T. Connor, S. Jambor, and D. Leemans. C-groups of PSL(2, q) and PGL(2, q). J. Algebra
427:455–466, 2015.
[16] T. Connor and D. Leemans. C-groups of Suzuki type. J. Algebraic Combin. 42(3):849–860,
2015.
[17] T. Connor and D. Leemans. Algorithmic enumerations of regular maps. Ars Math. Contemp
10:211–222, 2016.
[18] T. Connor, D. Leemans, and M. Mixer. Abstract regular polytopes for the O’Nan group. Int.
J. Alg. Comput. 24(1):59–68, 2014.
[19] H. S. M. Coxeter. Ten Toroids and Fifty-Seven Hemi-Dodecahedra. Geom. Dedicata 13:87–99,
1982.
[20] M. E. Fernandes and D. Leemans, Polytopes of high rank for the symmetric groups. Adv.
Math. 228:3207–3222, 2011.
[21] M. E. Fernandes and D. Leemans, C-groups of high rank for the symmetric groups. J. Algebra
508:196–218, 2018.
[22] M. E. Fernandes and D. Leemans, String C-group representations of alternating groups. Ars
Math. Contemp., to appear.
[23] M. E. Fernandes, D. Leemans, and M. Mixer. Polytopes of high rank for the alternating
groups. J. Combin. Theory Ser. A 119:42–56, 2012.
[24] M. E. Fernandes, D. Leemans, and M. Mixer. All alternating groups An with n ≥ 12 have
polytopes of rank ⌊n−1
2
⌋. SIAM J. Discrete Math. 26(2):482–498, 2012.
[25] M. E. Fernandes, D. Leemans and M. Mixer. Corrigendum to “Polytopes of high rank for the
symmetric groups”. Adv. Math. 238:506–508, 2013.
[26] M. E. Fernandes, D. Leemans and M. Mixer. An extension of the classification of high rank
regular polytopes. Trans. Amer. Math. Soc. 370: 8833–8857, 2018.
[27] M. E. Fernandes, D Leemans and A. Ivic´ Weiss. Highly symmetric hypertopes. Aeq. Math.
90:1045–1067, 2016.
[28] B. Grnbaum. Regularity of Graphs, Complexes and Designs. In Problmes Combinatoires et
Thorie des Graphes, Colloquium International CNRS, Orsay, 260, 191–197 (1977).
[29] M. I. Hartley. An atlas of small regular abstract polytopes. Period. Math. Hungar. 53(1-
2):149–156, 2006.
[30] M. I. Hartley and A. Hulpke. Polytopes derived from sporadic simple groups. Contrib. Dis-
crete Math. 5(2):106–118, 2010.
[31] M. I. Hartley and D. Leemans. Quotients of a universal locally projective polytope of type
{5,3,5}. Math. Z. 247(4):663–674, 2004.
[32] A. Kiefer and D. Leemans. On the number of abstract regular polytopes whose automorphism
group is a Suzuki simple group Sz(q). J. Combin. Theory Ser. A 117(8):1248–1257, 2010.
[33] A. Kiefer and D. Leemans On pairs of commuting involutions in Sym(n) and Alt(n) Comm.
Algebra 41(12):4408–4418, 2013.
[34] P. B. Kleidman. The maximal subgroups of the Chevalley groups G2(q) with q odd, of the
Ree groups 2G2(q), and of their automorphism groups. J. Algebra, 117(1):30–71, 1988.
[35] D. Leemans. An atlas of regular thin geometries for small groups. Math. Comput.,
68(228):1631–1647, 1999.
[36] D. Leemans. Almost simple groups of Suzuki type acting on polytopes. Proc. Amer. Math.
Soc. 134:3649–3651, 2006.
[37] D. Leemans and M. Mixer. Algorithms for classifying regular polytopes with a fixed auto-
morphism group. Contr. Discrete Math. 7(2):105–118, 2012.
[38] D. Leemans and E. Schulte. Groups of type L2(q) acting on polytopes. Adv. Geom. 7(4):529–
539, 2007.
STRING C-GROUP REPRESENTATIONS OF ALMOST SIMPLE GROUPS: A SURVEY 21
[39] D. Leemans and E. Schulte. Polytopes with groups of type PGL2(q). Ars Math. Contemp.
2(2):163–171, 2009.
[40] D. Leemans, E. Schulte and H. Van Maldeghem. Groups of Ree type in characteristic 3 acting
on polytopes. Ars Math. Contemp. 14:209–226, 2018.
[41] D. Leemans and L. Vauthier. An atlas of abstract regular polytopes for small
groups. https://homepages.ulb.ac.be/∼dleemans/polytopes/. Aequationes Math. 72(3):313–
320, 2006.
[42] H. Lu¨neburg. Translation Planes. Springer-Verlag, New York, 1980.
[43] V. D. Mazurov. On the generation of sporadic simple groups by three involutions, two of
which commute. Sibirsk. Mat. Zh. 44(1):193–198, 2003.
[44] P. McMullen and E. Schulte. Abstract regular polytopes, volume 92 of Encyclopedia of Math-
ematics and its Applications. Cambridge University Press, Cambridge, 2002.
[45] B. Monson and E. Schulte. Reflection groups and polytopes over finite fields. I. Adv. in Appl.
Math. 33:290–317, 2004.
[46] B. Monson and E. Schulte. Reflection groups and polytopes over finite fields. II. Adv. in Appl.
Math. 38:327–356, 2007.
[47] B. Monson and E. Schulte. Reflection groups and polytopes over finite fields. III. Adv. in
Appl. Math. 41:76–94, 2008.
[48] E. H. Moore. Concerning the abstract groups of order k! and 1
2
k!. Proc. London Math. Soc.
28:357–366, 1896.
[49] E H. Moore. The subgroups of the generalized finite modular group. Decennial Publications
of the University of Chicago 9:141–190, 1904.
[50] Y.N. Nuzhin, Generating triples of involutions of Chevalley groups over a finite field of char-
acteristic 2, Algebra i Logika 29: 192–206, 1990.
[51] Y.N. Nuzhin, Generating triples of involutions of alternating groups. Mat. Zametki 4:91–95,
1990.
[52] Y.N. Nuzhin, Generating triples of involutions for Lie-type groups over a finite field of odd
characteristic. I. Algebra i Logika 36:77–96, 1997.
[53] Y.N. Nuzhin, Generating triples of involutions for Lie-type groups over a finite field of odd
characteristic. II. Algebra i Logika 36:422–440, 1997.
[54] D. Pellicer. CPR graphs and regular polytopes. European J. Combin. 29(1):59–71, 2008.
[55] D. Sjerve and M. Cherkassoff. On groups generated by three involutions, two of which com-
mute. In The Hilton Symposium 1993 (Montreal, PQ), volume 6 of CRM Proc. Lecture Notes,
pages 169–185. Amer. Math. Soc., Providence, RI, 1994.
[56] R. Ree. A family of simple groups associated with the simple Lie algebra of type (G2). Bull.
Amer. Math. Soc. 66:508–510, 1960.
[57] J. Tits. Ovo¨ıdes et groupes de Suzuki. Arch. Math., 13:187–198, 1962.
[58] J. Tits. Buildings of spherical type and finite BN-pairs. Lect.Notes in Math. 386, Springer-
Verlag, Berlin-Heidelberg-New York, 1974.
[59] H. Van Maldeghem. Generalized polygons, Volume 93 of Monographs in Mathematics.
Birkha¨user Verlag, Basel, 1998.
[60] A. Vandenschrick On string C-groups that admit a string C-group representation. Preprint,
2019.
[61] Julius Whiston. Maximal independent generating sets of the symmetric group. J. Algebra
232(1):255–268, 2000.
[62] A. Wiman. Bestimmung aller untergruppen einer doppelt unendlichen reihe von einfachen
gruppen. Bihan till K. Svenska Vet.-Akad.Handl. 25:1–147, 1899.
Dimitri Leemans, Universite´ Libre de Bruxelles, De´partement de Mathe´matique,
C.P.216 Alge`bre et Combinatoire, Bld du Triomphe, 1050 Bruxelles, Belgium
E-mail address: dleemans@ulb.ac.be
